We present a general closed 4-point quadrature rule based on Euler-type identities. We use this rule to prove a generalization of Hadamard's inequalities for .2r /-convex functions .r ≥ 1/.
Introduction
Let f be a convex function on [a; b] ⊂ R, a = b. The following double inequality:
is known in the literature as Hadamard's inequalities (see for example [10, page 137]) for convex functions.
Hadamard's inequalities can be generalized in the following way. f .t/ dt
that is,
Combining (1.9) with (1.8) we obtain
so the inequality (1.3) is proved. REMARK 1. If in (1.2) and (1.3) we let x = .a + b/=2, we obtain
which is one of Bullen's results from [3] . His result was generalized for .2r /-convex functions .r ∈ N/ in [6] .
The goal of this paper is to obtain a variant of Inequalities (1.2) and (1.3) for .2r /-convex functions .r ∈ N/. To achieve this goal we will construct a general closed 4-point rule based on Euler-type identities established in [4] .
We recall that a function f : [a; b] → R is said to be n-convex on [a; b] for some n ≥ 0 if for any choice of n + 1 points x 0 ; : : : ; x n from [a; b] we have [x 0 ; : : : ; x n ] f ≥ 0, where [x 0 ; : : : ; x n ] f is the n-th order divided difference of f . If f is n-convex, then f .n−2/ exists and is an convex function in the ordinary sense. Also, if f .n/ exists, then f is n-convex if and only if f .n/ ≥ 0: For more details see for example [10] .
It should be noted that each continuous n-convex function on [a; b] is the uniform limit of a sequence of the corresponding Bernstein's polynomials (see, for example, [10, page 293] ). Bernstein polynomials of any continuous n-convex function are also n-convex functions, so when stating our results for a continuous .2r /-convex function f without any loss in generality we may assume that f .2r/ exists and is continuous. Actually, our results are valid for any continuous .2r /-convex function f .
In Section 2 we present a general closed 4-point quadrature rule based on the extended Euler formulae and we also give two estimations of the remainder. In Section 3 we use the obtained results to prove a generalization of Hadamard's inequalities for .2r /-convex functions .r ∈ N/.
General closed 4-point quadrature rule
In the paper [4] two identities, named the extended Euler formulae, have been proved. They are given in the following theorem. 
where
Here, as in the rest of the paper, the functions B k .·/ .k ≥ 0/ are the Bernoulli polynomials, B k are the Bernoulli numbers and B * k .·/ are periodic functions of period one, related to the Bernoulli polynomials as
In this paper we write [a;b] [2] ). The Bernoulli polynomials are uniquely determined by the following identities:
From that we haveB 1 
Here we list some of the properties of the Bernoulli polynomials which will be used in this paper (see, for example, [1] or [2] ):
.−1/ k−1 B 2k > 0; r ≥ 0:
Using the properties of the Bernoulli polynomials which were mentioned in the introduction, we can easily see that for any x ∈ [a; .a
We can also easily check that for all r ≥ 1
and
Furthermore, we define
where T m is given by (2.3). It can be easily checked that
For further use we will denote
PROOF. Put x ≡ x; a + b − x; a; b in the formula (2.1) to get four new formulae. Then multiply these formulae by 1=4 and add. The result is (2.4), and (2.5) is obtained from (2.2) by the same procedure. REMARK 2. If in Theorem 2.1 we choose x = a we obtain the Euler trapezoidal rule [5] , and if we choose x = .a + b/=2 we obtain the Euler bitrapezoidal rule [6] .
Our next goal is to give an estimation of the remainder R 2 n .x/. For the sake of simplicity we will temporarily introduce two new variables:
It can be easily seen that for x; t ∈ [a; b] we have ¾; s ∈ [0; 1]. Using direct calculations, for each ¾ ∈ [0; 1=2] we obtain
Next we present some properties of the functions G 
PROOF. As stated at the beginning of this section, for k ≥ 2 and s ∈ [0; 1], we have
which proves the first identity. Further, we know that
On the other hand, if k = 2i, i ≥ 1, then .−1/ 2i = 1, so we obtain
and this proves the second identity. 
.s/ < 0; s ∈ .0; 1=2/ \ {3=8};
PROOF. For the sake of simplicity we will denote
If we write H surely has a zero s 1 < 3=8 < 2=5 < ¾. And in the end, we must separately investigate G We can easily see that G 
, then the assertion follows from Lemma 2.3. Assume now that r ≥ 3. In that case we have 2r − 1 ≥ 5 and the function G x 2r−1 is continuous and at least twice differentiable. We know that
.G 
PROOF. Let r ≥ 2 and x ∈ a; .a + b/=2 − .b − a/=.4 √ 6 / . We know that
and by Lemma 2.4 we also know that .−1/ r−1 G 
The special case 
PROOF. The proof follows similarly to the proof of Corollary 2.5, using the fact that F
Also, we have
PROOF. Let r ≥ 2 and x ∈ a; .a + b/=2 − .b − a/=.4 √ 6 / . Using Lemmas 2.2 and 2.4 we get
which proves the first assertion. Using Corollary 2.5 and the fact that 
which proves the second assertion. Finally, we use the triangle inequality to obtain the third formula.
Also,
PROOF. The proof is similar to the proof of Corollary 2.7. 
we obtain
By the continuity of f .2r/ on [a; b] it follows that there must exist a point Á ∈ [a; b] such that
From that we can easily obtain (2.7). 
PROOF. The proof follows analogously to the proof of Lemma 2.9. 
PROOF. By Corollary 2.5 for t ∈ [a; b] we have
The rest of the proof is similar to the proof of Lemma 2.9.
Theorem 2.11 can be improved in a way that the derivative f .2r/ need not be continuous on [a; b] . To obtain such a result we use the following theorem from [7, Theorem 1]. THEOREM B. Let ' : I → R, I ⊂ R, be a monotonic function, and let ² : R → R be a periodic function with period P such that for some a ∈ R and n ∈ N [a; a + n P] ⊂ I: Suppose that there exists some x 0 ∈ .a; a + P/ such that ².x 0 / = 0, ².x/ ≥ 0 for all x ∈ [a; x 0 / and ².x/ ≤ 0 for all x ∈ .x 0 ; a + P]. Suppose also that a+P a PROOF. The proof is similar to the proof of Theorem 2.12.
